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THE DECOMPOSITION OF UNSTABLE HOMOTOPY
SAMIK BASU, DAVID BLANC, AND DEBASIS SEN
Abstract. We prove an unstable analogue of Joel Cohen’s theorem, showing that
all elements in the homotopy groups of a wedge of spheres are generated under
compositions and Toda brackets by Whitehead products and Hopf maps at each
prime.
Introduction
In [C], Joel Cohen showed how all elements in the stable homotopy groups of the
sphere spectrum can be generated under composition and higher order homotopy op-
erations from certain atomic elements: the three Hopf classes and their odd-primary
analogues. Although Cohen also describes an algorithm for determining the decom-
position of a given class, the main importance of this result is conceptual, since it is
one of the few global facts known about the stable homotopy groups as a whole (see
[Lin, Sc1, Sc2]).
Our goal here is to show that a similar result holds for the unstable homotopy
groups of spheres, and wedges thereof. This consists of two distinct ingredients:
I. There are a number of competing definitions of higher homotopy operations, par-
ticularly in the unstable setting, not all of which agree: these generally arise as
the obstruction to rectifying certain homotopy-commutative diagrams (see [BM] and
[BJT2]), but in order to qualify as higher homotopy operations sensu stricto, by anal-
ogy with the secondary cohomology operations of [A], all but the last object in the
diagram should be (wedges of) spheres. To achieve this, we are forced to use diagrams
indexed by simplex categories, as in [BJT1]. However, one can in fact show that such
higher operations are in fact equivalent to long Toda brackets (with linear indexing
categories – see [BJT3]).
In this paper we provide a definition of such Toda brackets in a general pointed
model category, appearing as the successive obstructions to strictifying certain “higher
order chain complexes” in the sense of [BB], and show that this notion agrees with
the traditional (stable) description in terms of filtered complexes. When the filtra-
tion satisfies certain connectivity conditions which guarantee non-triviality (see §2.15
below), we call these spherical Toda brackets .
II. Next, we identify the atomic classes in the homotopy groups of spheres: that is,
those which cannot be decomposed either in terms of primary decomposition, or in
terms of higher order operations. This is done in two stages:
Date: October 16, 2018.
1991 Mathematics Subject Classification. Primary: 55Q35; secondary: 55P99, 55Q40.
Key words and phrases. Higher homotopy operations, Toda brackets, unstable homotopy groups
of spheres.
1
2 SAMIK BASU, DAVID BLANC, AND DEBASIS SEN
We first define the atomic classes in the homotopy groups of spheres to comprise
the pinch map, Whitehead products, and those maps ϕ : Sn → Sk whose lift
f : Sn → Sk〈k〉 to the k-connective cover induces a non-zero map in mod p homology
for some prime p.
We then have:
Theorem A. Any class in the homotopy groups of a wedge of spheres is generated
under composition and spherical Toda brackets by the atomic maps.
See Theorem 3.2 below.
Our next main result identifies the atomic classes explicitly:
Theorem B. The atomic maps consist of the degree ±1 classes, pinch maps,
Whitehead products, the Hopf maps ηk ∈ πk+1S
k, νk ∈ πk+3S
k, and σk ∈ πk+7S
k,
and the first p-torsion classes α1(p) ∈ πk+2p−3S
k, for odd primes p.
See Theorem 4.1 and Corollary 4.13 below.
0.1. Remark. As noted above, Cohen in fact provides an algorithm for finding decom-
positions of stable classes, in terms of the Adams spectral sequence, although it is not
clear how workable this is (see, e.g., [A, WX] for the use of such Toda decompositions,
and the resulting calculations of differentials in the Adams spectral sequence). Such
an algorithm seems very unlikely to be achievable unstably with the present state
of our knowledge of the unstable homotopy groups of spheres. However, it would
certainly be desirable (cf. [CF, Z]), and a first approximation might be provided in
certain cases by a judicious choice of minimal Π-algebra resolutions, as in the proof
of Proposition 2.19 (see also Example 2.28).
0.2. Organization. In Section 1 we present our version of long Toda brackets, and
show that they are indeed the obstructions to rectifying higher order chain complexes.
In Section 2 we explain how this description can be used to obtain the more general
construction of spherical Toda brackets in terms of filtered complexes. In Section
3 we prove our first main result (Theorem 3.2), which says that any element in
the homotopy groups of a wedge of simply-connected spheres is generated under
composition and spherical Toda brackets by certain atomic elements. Finally, in
Section 4 we identify all atomic maps between spheres by showing that they consist
only of the Hopf classes, their odd-primary analogues, and the Whitehead products.
0.3. Acknowledgements. The research of the second author was supported by Israel
Science Foundation grant 770/16.
1. Toda brackets
Toda brackets, originally defined by Toda in [T1, T2], have been generalized in
several ways (see, e.g., [BBG, BJT2, Wal]), but for our purposes here we shall need
the following construction:
1.1. Definition. Let C be a cofibrantly generated left proper pointed model category.
A Toda diagram of length n for C is a diagram in ho C of the form
(1.2) A0
[f0]
−−→ A1
[f1]
−−→ A2 → . . . → An−1
[fn−1]
−−−→ A
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with [fk] ◦ [fk−1] = 0 for each 1 ≤ k < n.
A strictification of (1.2) is a diagram in C of the form
(1.3) A′0
f ′0−→ A′1
f ′1−→ A′2 → . . . → A
′
n−1
f ′n−1
−−→ A′n
with f ′k ◦ f
′
k−1 = 0 for each 1 ≤ k < n, which is weakly equivalent to a lift of
(1.2).
To obtain a homotopy meaningful description of such strictifications, we shall need:
1.4.Definition. Let In2 denote the lattice of subsets of [n] = {1, 2, . . . , n}, which we
shall think of as an n-dimensional cube with vertices labelled by J = (ε1, ε2, . . . , εn)
with each εi ∈ {0, 1} (so J is the characteristic function of a subset of [n]). The
cube is partially ordered in the usual way, with a unique map J → J ′ whenever
εi ≤ ε
′
i for all 1 ≤ i ≤ n. Write Jk for the vertex labelled by k ones followed by
n− k zeros (k = 0, 1, . . . , n).
Note that any strictification (1.3) extends uniquely to a diagram D : In2 → C,
in which D(Jk) = A
′
k, D assigns the map f
′
k to the unique map Jk → Jk+1 in
In2 , and D sends all other vertices (and thus all other maps) to 0.
The category CI
n
2 of all “cube-shaped” diagrams in C has a cofibrantly generated
model category structure, in which the weak equivalences and fibrations are defined
objectwise (see [Hir, Theorem 11.6.1]). Any diagram D̂ : In2 → C weakly equivalent
to the diagram D just described will be called an enhanced strictification of (1.2). In
particular, when D̂ is a cofibrant replacement for D in the model category mentioned
above, we call it a cofibrant enhanced strictification.
1.5. Remark. The cofibrations in the model category CI
n
2 are not easy to identify
explicitly. However, because the indexing category is directed in a strong sense, the
cofibrant diagrams B : In2 → C may be described inductively by filtering I
n
2 by
composition length: F0 ⊂ F1 ⊂ . . . ⊂ Fn = I
n
2 . We start with F0 consisting only
of the initial object J0; then Fk+1 is obtained inductively from Fk by adding all
indecomposable maps in In2 from objects in Fk, together with their targets.
We then have a recursive definition of what it means for a diagramB to be cofibrant,
by requiring that B|Jk be cofibrant for each k (for k = 0, this just means ensuring
B(J0) is cofibrant in C). and then ensuring that the natural map colimFk B → B(J)
is a cofibration for each J ∈ Fk+1\Fk (cf. [BJT1, §2.14]). In particular, this ensures
that all morphisms in In2 are taken by B to cofibrations in C.
1.6. Definition. Now let In3 denote the n-dimensional cube of side length 2, with
vertices labelled as before by J = (ε1, ε2, . . . , εn), but now each εi ∈ {0, 1, 2}.
Again, In3 is partially ordered as above.
Note that any cofibrant enhanced strictification D̂ : In2 → C has a unique
extension to an extended diagram E : In3 → C, with the property that for each
1 ≤ k ≤ n and ε1, . . . , εk−1, εk+1 . . . , εn ∈ {0, 1}, if we set:
(1.7)


J ′ = (ε1, . . . , εk−1, 0, εk+1 . . . , εn)
J ′′ = (ε1, . . . , εk−1, 1, εk+1 . . . , εn)
J ′′′ = (ε1, . . . , εk−1, 2, εk+1 . . . , εn)
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we have a strict cofibration sequence:
(1.8) E(J ′) →֒ E(J ′′) → E(J ′′′)
That is, E(J ′) →֒ E(J ′′) is a cofibration in C (see §1.17), and the and E(J ′′) is
the colimit of ∗ ← E(J ′)→ E(J ′′).
This defines E, by functoriality of strict cofibration sequences. In fact, (1.8) will
be a strict (and also homotopy) cofibration sequence for every 1 ≤ k ≤ n and
ε1, . . . , εk−1, εk+1 . . . , εn ∈ {0, 1, 2}, by the 3 × 3 Lemma, from the description of
D̂ in Remark 1.5 and the fact that C is left proper.
The original (2 × . . . 2)-cube diagram D̂ = E|In2 will be called the generating
cube for E.
1.9. Notation. For any index J = (ε1, ε2, . . . , εn) (εi ∈ {0, 1, 2}), we shall use the
following terminology:
(1) The longest initial segment of J with εi ∈ {1, 2} will be called the marker
of J (it may be empty, or all of J), and denoted by M(J).
(2) The length of the final segment of M(J) consisting of digits 2 only will be
called the stage of J , and denoted by σ(J).
(3) The complementary final segment of J after M(J) (necessarily starting with
a 0, if nonempty) is called the remainder of J , and denoted by R(J). The
number of digits 2 in R(J) will be denoted by r(J).
We note the following obvious facts:
1.10. Lemma. For any index J = (ε1, ε2, . . . , εn), the extended diagram E : I
n
3 → C
of any cofibrant enhanced strictification D̂ : In2 → C as above has the following
properties
(a) If R(J) has at least one digit 1, then E(J) is weakly contractible.
(b) If R(J) has no 1’s, then E(J) is weakly equivalent to Σr(J)E(J ′), where
J ′ is obtained from J by replacing all 2’s in R(J) by digits 0.
(c) In particular, if σ(J) = 0 and R(J) has no digits 1, then E(J) ≃ Σr(J)Ak,
where k is the length of M(J). Thus if σ(J) = 0 and R(J) has only
digits 0, then E(J) ≃ Ak. In particular, E(Jk) ≃ Ak, as in Definition 1.4.
(d) If σ(J) > 0 and R(J) has no digits 1, then E(J) is the cofiber of a
map E(J0) → E(J1), where σ(J0) = 0 and σ(J1) = σ(J) − 1. Thus
E(J) has “cone length σ(J)” with respect to the objects A0, . . . , An and
their suspensions.
See the diagram in Example 1.21 below for an illustration of these properties.
1.11.Definition. We now explain how to associate to a Toda diagram of length n+1
(Definition 1.1), with certain additional data, the Toda bracket 〈f0, . . . , fn〉, which
serves as the (last) obstruction to strictifying the Toda diagram (1.2), for n ≥ 1
(cf. [BJT2, §7]).
The construction is inductive, and a necessary condition in order for it to be defined
is that the Toda brackets 〈f0, . . . , fn−1〉 and 〈f1, . . . , fn〉, associated respectively
to the initial and final segments of (1.2) of length n, must vanish.
Vanishing of 〈f0, . . . , fn−1〉 implies that we may choose a strictification D : I
n
2 →
C of the initial segment, with the corresponding cofibrant enhanced strictification
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D̂ : In2 → C and extended diagram E : I
n
3 → C. By Lemma 1.10(c), we may choose
a representative fn : E(Jn)→ An+1 for the last term [fn+1] in the diagram (1.2)
(the construction does not actually depend on the choice of fn).
The data for 〈f0, . . . , fn〉 consists of the weak homotopy type of D in C
In2 ,
together with (the homotopy class of) a map ϕn : E(1, 2, . . . , 2) → An+1 whose
restriction to E(1, 2, . . . , 2, 1) ≃ An represents [fn]. Note that E(1, 2, . . . , 2) has
“cone length” n−1, by Lemma 1.10(d). The class of ϕn is determined by a choice
of nullhomotopy for the (inductively determined) value of 〈f1, . . . , fn〉.
Since E(0, 2, . . . , 2) ≃ Σn−1A0 by Lemma 1.10(c), and precomposing ϕn with
αn : E(0, 2, . . . , 2)→ E(1, 2, . . . , 2) yields the value in [Σ
n−1A0, An+1] of the Toda
bracket 〈f0, . . . , fn〉 (associated to the data 〈D,ϕn〉).
Since
E(0, 2, . . . , 2)
αn−→ E(1, 2, . . . , 2) → E(2, 2, . . . , 2)
is a (homotopy) cofibration sequence, if ϕn ◦ αn ∼ 0, we can choose an extension
ψn : E(2, 2, . . . , 2)→ An+1 of ϕn.
See the diagrams in Examples 1.14 and 1.21 below for an illustration of these
properties.
1.12. Lemma. A choice of ψn : E(2, 2, . . . , 2)→ An+1 extending ϕn : E(1, 2, . . . , 2)→
An+1 as above yields a strictification for A0
f0
−→ . . .
fn
−→ An+1 extending the class
of D.
Proof. The strictification is given by
E(0, 0, . . . , 0)→ E(1, 0, . . . , 0)→ E(2, 1, 0, . . . , 0)→ . . . E(2, 2, . . . , 2)
ψn
−→ An+1.
Since each adjacent composition is of the form (1.8) for (1.7), it is strictly zero.
The fact that E(2, . . . , 2, 1, 0, . . . , 0) (with k− 1 digits 2) is weakly equivalent to
Ak follows from Lemma 1.10, which implies the map out of E(2, . . . , 2, 1, 0, . . . , 0)
represents fk by the original construction of D. 
1.13. Remark. Note that the “middle cube” In−1mid of I
n−1
3 , consisting of the
vertices indexed by J = (ε1, . . . , εn−1) with ε1 = 1, corresponds to the segment
A1
f1
−→ . . .
fn−1
−−→ An of (1.2).
Applying Definition 1.11 to E|In−1mid
we see that in addition to the choices en-
coded in the given strictification of this segment , the data we obtain consists of
ϕ′n−1 : E(1, 1, 2, . . . , 2) → An+1 whose restriction to E(1, 1, 2, . . . , 2, 1) ≃ An
again represents [fn]. The corresponding value for the length n Toda bracket
〈f1, . . . , fn〉 is ϕ
′
n−1 ◦ α
′
n−1 : E(1, 0, 2, . . . , 2) ≃ Σ
n−2A1 → An+1. If this does
not vanish, we must try other choices of the data. If it does, we choose an extension
ψ′n−1 : E(1, 2, 2, . . . , 2) → An+1 for ϕ
′
n−1 in the (homotopy) cofibration sequence
E(1, 0, 2, . . . , 2)
α′n−1
−−−→ E(1, 1, 2, . . . , 2) → E(1, 2, 2, . . . , 2). In fact, this map ψ′n−1
is precisely ϕn, the second piece of input needed to define our value for 〈f0, . . . , fn〉.
1.14. The case n = 2. In the first step of our inductive process, for n = 2. there is
no obstruction to strictification, and our cofibrant enhanced strictification D̂ : I22 → C
is obtained in three steps:
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(a) We choose a cofibrant replacement for A0, and represent [f0] by a cofibration
f0 : A0 → A1, and [f1] by any map f1 : A1 → A2.
(b) Since [f1] ◦ [f0] = 0, in ho C, we can choose a nullhomotopy F : CA0 → A2
for f1] ◦ [f0, making the outer square in the following diagram commute,
where the inner square is the (homotopy) pushout (which is the homotopy
cofiber of f0):
(1.15)
A0 _
f0

  i // CA0 _
j

F

A1
 
k
//
f1
33
Cof(f0)
ξ
##●
●
●
●
●
A2
(c) Changing ξ into a cofibration ξ′ : Cof(f0) →֒ Â2 and precomposing with the
given structure maps j and k yields the required cofibrant D̂ : I22 → C.
This description makes it clear that even though the homotopy classes of nullho-
motopies F for f1 ◦f0 are in bijection with [ΣA0, A2] (see [Sp, §1]), the homotopy
type of possible (enhanced) strictifications D̂ (given [f0] and [f1]) is completely
determined by [ξ] ∈ [Cof(f0), A2].
The extended diagram E : I33 → C is then the solid 3× 3 square in
(1.16)
A0
(00)
  i //
 _
f0

CA0
(01)
// //
 _
F

Σ˜A0
(02)
 _
α2

A1
(10)
  f1 //

A2
(11)
// //
≃
q
f2
--
❀
❃
❆
❉
●
■
▲
◆
P
❘
❚
❱ ❳ ❨ ❬
Cf1
(12)
 ϕ2

❙ P
▼
❏
❋
❁
✹
✵
✲
✰
✭
✫
Cf0
(20)
  h0 // A˜2
(21)
// // Ch0 = Cα0
(22)
∃?ψ2
''
A3
(cf. the dual diagram in [BS, (0.3)]).
1.17. Remark. We note that more generally if we start with the pushout P of two
cofibrations f : X →֒ Y and k : X →֒ Z in a pointed model category, as in
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(1.15), the resulting extended diagram takes the form:
(1.18)
X _
h

  f // Y  _
i

// Cf
=

Z

  j // P

// Cj

Ch
=
// Ci // ∗
If we have a further cofibration ξ : P →֒ W , as in §1.14(c), and let g := ξ◦j : Z →W
and k := ξ ◦ i : Y →W , then taking iterated pushouts in the following solid diagram
(1.19)
Z

  j //
+

g
&&
P

  ξ // W

∗ 

// Cj
  ℓ // Q
we see that the map ℓ is again a cofibration, by cobase change, and that Q is in fact
Cg (the cofiber of g), since the large rectangle in (1.19) is a also pushout. Thus
from (1.18) we deduce that the induced map ℓ : Cf → Cg is a cofibration (and
similarly for m : Ch → Ck).
In summary, whenever our initial square D : In2 → C is cofibrant in the model
category structure of §1.5, all rows and columns in the extended diagram E : In3 → C
are strict cofibration sequences.
1.20. The ordinary Toda bracket. Our formalism indicates that ϕ2 = f1 and
α2 = f1, so the “Toda bracket 〈f0, f1〉 of length 2” is the composite f1 ◦ f0, which
is nullhomotopic by assumption. A choice of nullhomotopy determines the extension
ψ2 = h0, and in fact setting f˜1 := q ◦ f1 : A1 → A˜2, we obtain a strictification for
the initial length 2 subdiagram of (1.2), as implied by Lemma 1.12.
Now we add the map f2 : A2 → A3 to the solid square in (1.16): since f2◦f1 ∼ 0
and the middle row is a (homotopy) cofibration sequence, we have an induced map
ϕ : Cf1 → A3, and we define the value of the Toda bracket (of length 2) associated
to these choices to be the homotopy class of ϕ ◦ g0 : Σ˜A0 → A3. Since the right
column is again a (homotopy) cofibration sequence, ϕ extends to ψ as indicated if
and only if ϕ ◦ g0 ∼ 0. In this case we see that f˜2 := ψ ◦ r : A˜2 → A3 represents
f2, and we also have f˜2 ◦ f˜1 = 0 – in other words, we can extend the above to a
strictification of the initial length 3 subdiagram of (1.2) if and only if ϕ ◦ g0 ∼ 0
for some choice of ξ and ϕ.
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1.21. The case n = 3. Here the extended diagram is described by the solid 3×3×3
cube:
A0
(000)
  //
 p
f0 !!
❈❈
❈❈
❈❈
❈ _

CA0
(010)
// //
 t
F
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆ _

Σ˜A0
(020) 
u
α2
''P
PP
PP
PP
PP
PP
PP _

A1
(100)
  f1 //
'' ''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
 _

A2
(110)
// //
≃
q2
&& &&◆
◆◆
◆◆
◆◆
◆◆
◆◆ _
f2

Cf1
(120)
&& &&◆
◆◆
◆◆
◆◆
◆ _
h1

Cf0
(200)
  h0 //
 _

A˜2
(210)
// //
 _
f ′2

Ch0 = Cα2
(220)
 _
ℓ0

CA0
(001)
  //
 p
!!
❈❈
❈❈
❈❈

CΣA0
(011)
// //
 t
◆◆◆
◆◆
&&◆
◆◆
◆◆

CΣ˜A0
(021)  u
PP
PPP
''P
PP
PP
P

CA1
(101)
  //
'' ''❖
❖❖
❖❖
❖❖
❖❖
❖❖

A3
(111)
≃
// //
≃
'' ''◆
◆◆
◆◆
◆◆
◆◆
◆◆

f3
00
✧
✩
✪
✫
✬
✮
✰
✱
✳
✶
✸
✻
✾
❁
❅
❉
●
❏
▼
❖
◗
❚ ❱ ❲ ❨ ❩ ❭ ❪ ❴ ❵ ❛
A′3
(121)
≃
'' ''◆
◆◆
◆◆
◆◆
◆◆
◆◆

CCf0
(201)
  //

A′′3
(211)
≃
// //

A′′′3
(220)

Σ˜A0
(002)
  //
 p
Σ˜f0
!!❇
❇❇
❇❇
❇❇
CΣ˜A0
(012)
// //
 s
▼▼
▼▼▼
&&▼
▼▼
▼▼
Σ˜2A0
(022)
PPP
PPP
α3
'' ''PP
P
Σ˜A1
(102)
 
α′2
//
&& &&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲
Cf2
(112)
// //
≃
%% %%❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
ϕ′2
55
✷
✸
✺
✼
✾
❀
❃
❆
❋
❑
❖
❚
❳ ❬ ❴ ❜ ❝ ❡
❢ ❣
✐ ❥
Cα′2 = Ch1
(122)
%% %%❑
❑❑
❑❑
❑❑
❑
ϕ3

❣ ❞
❵ ❭ ❲ P
❍
❂
✹
✲
✭
✪
✧
✤
Σ˜Cf0
(202)
 
k0
// Cf ′2
(212)
≃
// //
Cα3 =
Ck0 = Cℓ0
(222)
∃?ψ3
!!
A4
2. Generalized Toda brackets
In stable model categories C (cf. [HPS]), an alternative description of Toda brackets,
in terms of filtered objects in C, is available. This involves continuing the extended
diagram one step further in each direction.
2.1. Forward cubes. More formally, we assume given a Toda diagram
(2.2) A−1
[f−1]
−−−→ A0
[f0]
−−→ . . . → An
[fn]
−−→ An+1
of length n + 2 as in (1.2), together with a rectification D : Inmid = I
n
2 → C
of the central segment A0 → . . . → An of length n, with cofibrant replacement
D̂ : In2 → C and corresponding extended diagram E : I
n
3 → C as in §1.6 (see
diagram 1.21 above).
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Now consider the “forward” n-dimensional (2× . . . 2)-subcube Infwd
∼= In2 of I
n
3 ,
consisting of those vertices labelled by J = (ε1, . . . , εn) with each εi ∈ {1, 2}.
Let Ê : Infwd → C be a cofibrant replacement for E|Infwd . We have a new forward
(3×. . . 3)-cube În3 , with vertices now labelled by J = (ε1, . . . , εn) with εi ∈ {1, 2, 3},
and we see that Ê be extended to the extended forward diagram F : În3 → C by
taking strict cofibration sequences in each direction, as in §1.6.
Moreover, Lemma 1.10 extends in the obvious way to F , with
F (ε1 . . . εi−1, 3, εi+1 . . . εn) ≃ ΣE(ε1 . . . εi−1, 0, εi+1 . . . εn)
for any εj ∈ {1, 2, 3} (j = 1, . . . , i− 1, i+ 1, . . . , n).
Furthermore, if C is a stable model category (see [Ho, Ch. 7]), E can actually be
recovered from F , up to weak equivalence, by taking homotopy fibers of the forward
generating cube F |Infwd= Ê|Infwd along each edge.
Now let Jk := (1 . . . 12 . . . 2), with n− k + 1 digits 1 followed by k − 1 digits
2 (1 ≤ k ≤ n), and write Xk := Ê(Jk) = F (Jk). Note that by Lemma 1.10 we
have homotopy cofibration sequences of the form
(2.3) Σk−1An−k ≃ E(1 . . . 1︸ ︷︷ ︸
n−k
0 2 . . . 2︸ ︷︷ ︸
k−1
)
gk−→ E(Jk)
ik−→ E(Jk+1) ,
so for F we have homotopy cofibration sequences
(2.4) F (Jk)
ik−→ F (Jk+1)
rk−→ F (1 . . . 1︸ ︷︷ ︸
n−k
3 2 . . . 2︸ ︷︷ ︸
k−1
) ≃ ΣkAn−k+1
for each 0 ≤ k < n. By convention we set F (J0) := ∗; then F (J1) = F (1 . . . 1) ≃
An, so (2.4) is still a homotopy cofibration sequence for k = 0. We write X for
F (Jn), and denote the composite cofibration in−1 ◦ . . . ◦ i1 : F (J
1) →֒ F (Jn) by
jX : An → X .
2.5. Remark. Note that the composite rk ◦ gk+1 : Σ˜
kAn−k → Σ˜
kAn−k+1 represents
Σ˜kfn−k (because of the functoriality of the extension of D̂ to E and then to F ).
2.6. Lemma. Given a Toda diagram (2.2) of length n+2, the data actually needed
to specify a value of the Toda bracket 〈f−1, . . . , fn〉 of length n+ 1 consists of:
(a) The extended forward diagram F : În3 → C associated to the strictification
of A0 → . . .→ An;
(b) A map αn+1 : Σ
nA−1 → X := F (J
n) such that rn ◦ αn+1 ∼ Σ
nf−1.
(c) A map ϕn+1 : X → An+1 such that ϕn+1 ◦ jX ∼ fn.
The associated value is the class of ϕn+1 ◦ αn+1 : Σ
nA−1 → An+1.
Proof. This follows from Definition 1.11, once we notice that the n-dimensional (3×
. . . 3)-cube In3 which indexes diagram D̂ of §2.1 is actually the middle cube I
n
mid of
Remark 1.13 with respect to the Toda diagram (2.2), and thus X = F (2 . . . 2) is in
fact E(12 . . . 2) (with n digits 2) for the full (3× . . . 3)-cube diagram E : In+13 → C
of (2.2). However, from the description in §1.11 we see that the only part of the
enhanced strictification E needed to compute the Toda bracket and not determined
by F is the map αn+1 : Σ˜
nA−1 → E(12 . . . 2). The fact that rn ◦ αn+1 ∼ Σ
nf−1
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follows by continuing the cofibration sequence (2.3) for k = n+1 one step to the
right, as in (2.4).
The other ingredient needed is the precisely the map ϕn+1 : E(12 . . . 2) → An+1
associated to the vanishing of the right Toda bracket 〈f0, . . . , fn〉. The fact that
ϕn+1 ◦ jX ∼ fn can be read off from Lemma 1.10 and the description of ϕn in
§1.11. 
2.7. Example. As Toda showed in [T2, Proposition 5.6], the generator ν ′ ∈ π6S
3
(of order 4) is a value of the Toda bracket for the length 3 (n = 1) diagram:
(2.8) S5
η4
−→ S4
2ι4−→ S4
η4
−→ S3 ,
where the maps ηk are suspended Hopf maps (of order 2).
Thus X0 = ∗, X1 = A1 = S
4, with X2 the cofiber of f0 = 2ι4, the
5-dimensional mod 2 Moore space. The fact that η4 has order 2 implies that it
extends to a map ϕ2 : X2 → S
3, while the fact that η6 also has order 2 implies
that it factors through X2 in the continued cofibration sequence X2 → S
5 2−→ S5
(since it is in the stable range), yielding α2 : S
6 → X2.
The composite S6 = ΣA0
ϕ2◦α2
−−−→ A2 = S
3 is the required value ν ′ of 〈η3, 2ι4, η4〉.
2.9. Generalized Toda brackets associated to a filtered object.
We do not in fact need to be given a Toda diagram (1.2) in order to use this
approach to defining Toda brackets – all we needed are cofibration sequences as in
(2.4):
Thus assume that for each −1 ≤ k < ℓ we have a homotopy cofibration sequence
(2.10) Xk
jk−→ Xk+1
rk−→ Ck+1
δk−→ ΣXk . . .
in some pointed model category C, starting with X−1 = ∗, so X0 = C0. We
think of X := Xℓ as an object in C filtered by X0
j0
−→ X1
j1
−→ . . .
jℓ−1
−−→ Xℓ, with
filtration quotients Ck (k = 0, . . . , ℓ). Again we denote the composite cofibration
jn−1 ◦ . . . ◦ j0 : X0 →֒ Xℓ by jX : C0 → X .
The cofibration sequence (2.10) might extend to the left, presenting Xk+1 as
the homotopy cofiber of a map gk : Bk → Xk with Ck+1 ≃ ΣBk and δk ∼ Σgk,
as in (2.4). This need not always exist, but we shall use this notation when we have
such a map gk.
We then think of the filtered space X as a template for a generalized Toda bracket
of length ℓ + 1. The data for the bracket consist of any two homotopy classes of
maps αℓ+1 : W → X and ϕℓ+1 : X → Z and the value associated to this data is
the homotopy class of the composite ϕℓ+1 ◦ αℓ+1 in [W,Z].
2.11. Remark. If we denote Σrk−1 ◦ δk : Ck+1 → ΣCk by γk+1, we see that
(2.12) Σγk ◦ γk+1 ∼ 0 for each 0 < k < ℓ
since the middle factors of the composite are two successive maps from (2.10).
Moreover, if we formally write Σ−1Cℓ+1 for W and Σ
ℓ+1C−1 for Z and define
Σ−1γℓ+1 := rℓ ◦ αℓ+1 and Σ
ℓγ0 := ϕℓ+1 ◦ jX , we see that (2.12) also holds for
k = 0 and k = ℓ (for the same reason).
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Thus the sequence
(2.13) Σ−1Cℓ+1
Σ−1γℓ+1
−−−−−→ Cℓ
γℓ−→ ΣCℓ−1
Σγℓ−1
−−−→ Σ2Cℓ−2 → . . .Σ
ℓC0
Σℓγ0
−−→ Σℓ+1C−1
is in fact a Toda diagram of length ℓ + 2.
When (2.10) is obtained as in §2.1, this is the ℓ-fold suspension of the original
Toda diagram (1.2) (extended to as above to Aℓ+1), with Ck ≃ Σ
kAℓ+1−k and
γk ∼ Σ
kfℓ+1−k.
2.14. CW filtrations. If X ∈ Top∗ is an ℓ-dimensional connected CW complex
and (2.10) is its CW filtration, let gj : Bj → Xj be the attaching map for
the j-skeleton Xj := X
(j) of X, so the cofibration sequence Bj
gj
−→ Xj
ij
−→ Xj+1
defines Xj+1. Thus for j = 0, . . . ℓ− 1, Bj will be a wedge of j-spheres, and in
the (suspended) Toda diagram (2.13) associated to the CW filtration for X , each
ΣjCℓ−j is a wedge of ℓ-spheres. Only W = Σ
−1Cℓ+1 and Z = Σ
ℓ+1C−1 can be
arbitrary.
However, if V1
f
−→ V2
g
−→ V3 are maps between wedges of ℓ-spheres and g ◦ f ∼ 0,
this must also hold when we restrict to each wedge summand of V1 and project
onto each summand of V3, which means that in each case one of the factors must
be null. In this case the associated Toda bracket is trivial.
This suggests the following definition:
2.15. Spherical filtrations. A spherical filtration X0 → X1 → . . .Xℓ of length ℓ
on a CW complex X = Xℓ is a filtration as above such that For each 0 ≤ k ≤ ℓ:
(a) The filtration quotient Ck is homotopy equivalent to a (ck − 1)-connected
wedge of spheres, (that is, ck is the lowest dimension of a sphere in the
wedge).
(b) We never have two successive maps in (2.13) (and thus in (1.2)) between
wedges of spheres where the lowest spheres have the same dimension. That
is:
(2.16) if ck + 1 = ck+1 then ck−1 + 1 < ck and ck+1 + 1 < ck+2
(when defined).
Given homotopy classes αn+1 : W → X and ϕℓ+1 : X → Z we say that
ϕℓ+1 ◦ αn+1 ∈ [W,Z] is a value of the spherical Toda bracket associated to the
filtration on X if (2.12) holds also for k = 0 and k = ℓ, where c−1 − 1 is the
connectivity of Z and cℓ+1 − 1 is the connectivity of W .
2.17. Remark. When X is m-dimensional and (r − 1)-connected, the length ℓ of the
cell filtration for X is ≤ m − r. If in addition W = SN and Z = Sk are also
spheres, we have dimC0 = r and dimCℓ = m. In this case we would like to have
N > m and k < r− 1, in order to ensure that γ0 and γℓ+1 lower dimension on
bottom-dimensional spheres in the respective wedges (unless γ1 and γℓ do so).
See Example 2.7 above, where in fact the CW complex X = X2 is the cofiber of
a map between 4-dimensional spheres, but the two end maps lower dimension.
2.18. Π-algebras. In order to obtain spherical filtrations for arbitrary spaces, we
first recall briefly the following notions:
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A Π-algebra is a graded group Λ equipped with an action of the primary homotopy
operations (Whitehead products and compositions) – see [St, §4.2] and [B2, §2.1].
The main example is a realizable Π-algebra, of the form (Λ := πiX)
∞
i=1 for some
pointed connected space X.
The category sΠ-Alg of simplicial Π-algebras has a model category structure as
in [Q, II, §4], and a free simplicial resolution V• → Λ is a cofibrant replacement
in sΠ-Alg for the constant simplicial object on Λ, for which each Vm is a
free Π-algebra (isomorphic to π∗Wm for some possibly infinite wedge of spheres
Wm =
∐∞
i=1
∐
t∈T im
Si(t)), and the augmented simplicial group (V•)i → Λi (in degree
i) is acyclic. Since X is (r− 1)-connected, we may assume each Wm is of the form∐∞
i=r
∐
t∈T im
Si(t).
The degeneracies are required to take the index set T im to T
i
m+1 for each i and
m, and thus the corresponding sphere summands to sphere summands by homeomor-
phisms. We denote by V n the sub-Π-algebra of Vm = π∗Wm generated by the
subset T
∗
m of T
∗
m not in the image of the degeneracies, and say that (V m)
∞
m=0
is a CW basis for V• if dj|Vm= 0 for all j ≥ 1.
2.19. Proposition. For each n > r ≥ 2, any (r − 1)-connected space X has an
n-skeleton with a spherical filtration of length ℓ ≤ ⌈2(n−r+1)
3
⌉.
(An n-skeleton for a pointed space X is an n-dimensional CW complex Y equipped
with a map f : Y → X inducing an isomorphism in πi for i < n, and an
epimorphism for i = n).
Proof. By [B1, Proposition 4.2.2], every (r − 1)-connected Π-algebra Λ with r ≥ 2
(such as the given π∗X) has a free simplicial resolution V• → Λ with a CW basis
(V m)
∞
m=0 such that V m is (r − 1 + ⌊
m
2
⌋)-connected. Furthermore, by [BJT3,
Theorem 2.18], this resolution V• is realizable by an augmented simplicial space
W• → X (this only holds when Λ is itself realizable by a space X). This means
that each Wm is homotopy equivalent to a wedge of spheres, with π∗Wm ∼= Vm,
and moreover Wm ≃Wm ∨W
′
m, where π∗Wm
∼= V m, and each sphere summand
in the complementary sub-wedge W′m =
∐∞
i=r
∐
t∈T im
Si(t) is in the image of some
degeneracy map, up to homotopy.
From the Bousfield-Friedlander spectral sequence of [BF, Theorem B.5] (with E2s,t
∼=
πhsπ
v
tW• ⇒ πs+t‖W•‖ and dk : E
k
s, t → E
k
s−k, t+k−1) we see that the geometric re-
alization ‖W•‖ is homotopy equivalent to the original space X. Moreover, if we
denote the m-skeleton in the simplicial (horizontal) direction by skmW•, then we
have a cofibration sequence of simplicial spaces
(2.20) skm−1W•
im−1
−−−→ skmW• → C[m]• = ∆[m]⊗Wm/∂∆[m]⊗Wm
in the Reedy model category (cf. [Hir, §15.3], and note [DKS, §2.6]).
Since geometric realization is a homotopy colimit, we have a cofibration sequence
of CW complexes
(2.21) ‖ skm−1W•‖
‖im−1‖
−−−−→ ‖ skmW•‖ → ‖C[m]•‖ .
The simplicial space C[m]• is trivial in simplicial dimension < m, and C[m]m ≃
Wm, so from the Bousfield-Friedlander spectral sequence we deduce that ‖C[m]•‖
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is at least (m+ r − 1 + ⌊m
2
⌋)-connected, and that the inclusion jm : ‖ skmW•‖ →֒
‖W•‖ ≃ X induces an isomorphism in homotopy groups in dimensions < m+ r +
⌊m
2
⌋, and an epimorphism in dimension m+ r+ ⌊m
2
⌋. Thus if for any CW complex
Y we let Y(n) denote its usual n-skeleton, we see that Z := ‖W•‖
(n) is the
required n-skeleton for X, filtered by
(2.22) Zj := ‖ skjW•‖
(n) for j = 0, . . . , ⌈2(n− r + 1)/3⌉ ,
with filtration quotients Cj = Zj/Zj−1 which are at least (j + r − 1 + ⌊
j
2
⌋)-
connected, since Cj consists of those sphere wedge summands in Wj which are
of dimension ≤ n, together with various higher dimensional spheres. In fact, Cj is
homotopy equivalent to a wedge of spheres, since we may disregard the degeneracies
in constructing the geometric realization ‖C[m]•‖ (see [Se, App. A]). 
2.23. Remark. Note that in the filtration described in Proposition 2.19 we may have
high dimensional spheres appearing in low filtration degree, and vice versa. This
can be partly corrected by setting Zj to be a lower-dimensional CW skeleton of
‖ skjW•‖. We observe that when X is not a sphere, [BJT3, §4] shows that the
above filtration describes the decomposition of π∗X in terms of higher homotopy
operations (coming from maps between wedges of spheres).
2.24. Spherical filtrations of a connected cover of the sphere. Let X := Sk〈k〉
be the k-connected cover of the k-sphere (that is, the homotopy fiber of the canonical
map Sk → K(Z, k)) for k ≥ 3. Thus r = k + 1, and a minimal free simplicial
Π-algebra-resolution V• → Λ := π∗X ∈ Π-Alg begins as follows:
(2.25)
S
r+2
s
2
// S
r+2
t ηr+2
((❘❘
❘❘❘
❘❘
S
r+1
v
2
// S
r+1
u ηr+1
((◗◗
◗◗◗
◗◗
S
r
z
2
// S
r
x
✤ ξ // Λ
(we have indicated only the bottom sphere in each simplicial dimension). Here ξ ∈
Λk+1 maps to the stable Hopf class ηr ∈ πrS
k (of order 2) under the covering map
X → Sk. The subscripts are merely used to distinguish between different copies of
the same free Π-algebra.
Here we show only the lowest coproduct summand Sj := π∗S
j in the each CW
basis Π-algebra V i, omitting the degeneracies (which play no role here, since the
pattern depicted in (2.25), which evidently repeats indefinitely, is in the stable
range).
Thus in this case by Proposition 2.19 we have a spherical filtration of (each skeleton
of) X in which the filtration quotients Ck are precisely (n+ k + ⌊
k
2
⌋)-connected.
If we localize the sphere at an odd prime p, the fiber of the fundamental class
ǫk : S
k → K(Z(p), k) is in fact (r− 1)-connected for r = k+2p− 3 (since the first
p-torsion class is α1(p), in the (2p− 3)-stem, with sphere of origin S
3 – see [T1,
Ch. XIII]). We thus have an identical repeated pattern, with 2 replaced by p and ηi
by the appropriate α1(p).
For k = 2, use the fact that η : S3 → S2 is the 2-connected cover.
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2.26. Remark. Localized at the prime p, consider the spherical filtration of length
ℓ for the N -skeleton of X := Sk〈r〉, where r = k + 2(p − 1) − 2 and N =
r + ℓ+ ⌊ℓ/2⌋ · (2p− 3).
If we continue the cofibration sequence of simplicial spaces (2.20) (for m) to the
right, and splice it to the same sequence for m− 1, we obtain a map Γ̂m : C[m]• →
ΣC[m− 1]•, as in §2.11. Its geometric realization as in (2.21) induces
(2.27) Γm : Σ
mWm → ΣΣ
m−1Wm−1
by including the m-th suspension of the wedge summand Wm into the m-th
suspension of Wm and thence to ‖C[m]•‖, and projecting ‖C[m− 1]•‖ onto
the (m− 1)-st suspension of the wedge summand Wm−1.
This realizes the projection of the (m-suspended) attaching map d0 : V m → Vm−1
(in the algebraic Π-algebra-resolution) onto the free summand V m.
For an arbitrary CW resolution V• → Λ, the map Γm might be trivial; however,
if we use a minimal resolution as in §2.24, we see that on the lowest dimensional
sphere summand in V m (namely, the one indicated in (2.25)), Γm sends the
lowest dimensional summand in V m to the lowest dimensional summand in V m−1
by the degree p map when m is odd, and by α1 when m is even.
In particular, regardless of N :
(a) Since C0 = Z0 is ‖ sk0W•‖
(n) = W
(n)
0 , and we may choose B1 := W
(n)
1 ,
the first cofibration sequence B1
g0
−→ Z0
j0
−→ Z1
r0−→ C1 in the filtration (2.22)
starts with g0 : S
r+1 → Sr+1 the degree pmap on the lowest sphere summand
of B0 = Σ
−1C1 and Z0, respectively. Thus Σ
ℓ−1γ1 : Σ
ℓ−1C1 → Σ
ℓ−1C0 of
(2.13) is the degree p map on the lowest sphere summand, namely, Sℓ+r.
(b) When ℓ is odd, the last cofibration sequence for filtration of the N -skeleton is
SN−1
gℓ−1
−−→ Zℓ−1
jℓ−1
−−→ Zℓ
rℓ−1
−−→ Cℓ−1 = S
N , while the lowest sphere summand
in Cℓ−2 is S
N−1, and the map γℓ−1 : Cℓ−1 → ΣCℓ−2 (necessarily into this
summand) is again the degree p map.
(c) When ℓ is even, we still have Cℓ−1 = S
N , but now the lowest sphere summand
in Cℓ−2 is S
N−2p+2, and the map γℓ−1 : Cℓ−1 → ΣCℓ−2 into this summand
is α1 (but there may be non-trivial components of γℓ−1 into S
N -summands
of ΣCℓ−2).
2.28. Example. In the stable range the 2-local spherically filtered (k + i)-skeleta of
X = Sk〈k〉 (i = 1, . . . , 4) are constructed as follows (using Toda’s calculations in
[T2, Ch. XIV]):
(a) We start with C1 = Z1 := S
k+1∨Sk+3, with the covering map p(1) : Z1 → S
k
given by the Hopf maps ηk+1⊥νk+1 (inducing a surjection in πj for
1 ≤ j ≤ 4). We may of course omit Sk+3 for i ≤ 2, since Sk+1 itself is
a (k + 1)-skeleton for X.
(b) Next, we have the cofibration sequence
B1 := S
k+1 ∨ Sk+3
2ιk+1⊥(4ιk+3−ιk+1ηk+1ηk+2)
−−−−−−−−−−−−−−−−−→ Z1
j1
−→ Z2
r1−→ C2 = S
k+2 ∨ Sk+4 .
Here γ2 from the lowest wedge summand S
k+2 of C2 is the suspension of
2ιk+1 on the S
k+1-summand on the right, composed with Id : ΣZ1 → ΣC1.
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This is just the order 2 map before last on the right in (2.25), as explained
in §2.26(a) (and by (b), too, in this case).
The covering map p(2) : Z2 → S
k is induced from p(1) by the fact that
ηk+1 has order 2 and 4νk = ηkηk+1ηk+2.
Thus Z
(k+i)
2 is already a (k + i)-skeleton of X for i ≤ 2, which may be
identified with the mod 2 Moore space Mk+1. Moreover, since
(2.29) πiM
k+1 ∼=


Z/2〈ξ〉 for i = k + 1
Z/2〈ξ ◦ ηk+1〉 i = k + 2
Z/4〈β〉 i = k + 3
Z/2〈β ◦ ηk+3〉 ⊕ Z/2〈ξ ◦ νk+1〉 i = k + 4 .
we see that for 3 ≤ i ≤ 4, Z2 is constructed by wedging M
k+1 with
Sk+3 (yielding a (k + 3)-skeleton of X) and then attaching a (k + 4)-cell
along 4ιk+3 − ξ ◦ ηk+1 ◦ ηk+2.
(c) Noting that from (2.29) and the choice of attaching map for Sk+3, we find
that πk+3Z2 ∼= Z/16〈δ〉 and πk+4Z2 ∼= Z/2〈δ ◦ ηk+3〉 ⊕ Z/2〈ξ ◦ νk+1〉.
We therefore have a cofibration sequence
Sk+3 ∨ Sk+4
8δ⊥ξ◦νk+1
−−−−−−→ Z2
j2
−→ Z3
r2−→ C3 = S
k+4 ∨ Sk+5 ,
with the covering map p(3) : Z3 → S
k induced from p(2), yielding a
(k + 4)-skeleton for X.
In this case, Γ3 from the lowest wedge summand S
k+4 of C3 is the
suspension of 8δ, composed with the pinch map ΣMk+1 → Sk+3, which is
ηk+3, by (2.29), as in §2.26.
(d) For the (k+5)- and (k+6)-skeleta we must kill πk+4Z3 and then πk+5Z4.
3. Generating maps by spherical Toda brackets
We now show how Cohen’s result [C, Theorem 4.2] on the decomposition of the
stable homotopy groups of spheres generalizes to the unstable groups. To do so, we
must first identify the indecomposable elements in the homotopy groups of wedges of
spheres:
3.1.Definition. IfW is a finite wedge of spheres, the homotopy class of ϕ : Sn →W
is called atomic if
(a) ϕ : Sk → Sk has degree ±1;
(b) ϕ : Sk → Sk ∨ Sk is the pinch map (inducing the addition in πk);
(c) ϕ = [ιk, ιj ] : S
k+j−1 → Sk ∨ Sj is a Whitehead product map; or
(d) The lift of ϕ to f : Sn → X̂ = Sk〈r − 1〉 (the (r − 1)-connected cover)
induces a non-zero map f∗ : Hn(S
n;Fp)→ Hn(X̂;Fp) for some prime p and
r = k + 2p− 3.
The first two are called trivial atomic maps.
We then have:
3.2. Theorem. If W is a finite wedge of 1-connected spheres, any homotopy class
ϕ : Sn →W is generated by the atomic maps under composition and spherical Toda
brackets.
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Proof. By [Hil], any element in the homotopy groups of a wedge of spheres decomposes
as a sum of iterated Whitehead products followed by compositions. Thus it is enough
to prove the result for maps ϕ : Sn → Sk, where n > k ≥ 2. In fact, we may
assume k ≥ 3, since the Hopf map induces a homotopy equivalence S2〈2〉 ≃ S3. We
may further assume that all spheres have been localized at a prime p (in the rational
case all maps between wedges of spheres are iterations of Whitehead products, and
the latter are atomic by Definition 3.1(b)).
We follow Cohen’s strategy (which he attributes to Adams) in attempting to factor
ϕ as a composite Sn
f
−→ X
g
−→ Sk, where X is a suitable CW complex.
First, let X̂ be the fiber of the fundamental class εk : S
k → K(Z(p), k), with
π : X̂→ Sk the covering map. Since n > k, ϕ lifts to f : Sn → X̂, and because
Sn is n-dimensional, f actually factors through the n-skeleton of X̂.
We would like to factor f through a spherically filtered subcomplex X ⊆ X̂, in
such a way that f (and thus ϕ) is the value of a spherical Toda bracket. By induction,
we may then assume that all the maps between wedges of spheres appearing in the
corresponding diagram (2.13) is either atomic, or a value for some (lower order)
spherical Toda bracket.
In this case, we can try to factor f through an (n − 1)-skeleton X ⊆ X̂ (for
some CW structure on X̂). Note that the pair (X̂,X) is (n − 1)-connected, and
X is k-connected (k ≥ 2). Thus in the diagram of long exact sequences for the pair
(with vertical Hurewicz homomorphisms):
(3.3)
πnX
i#
//
hn

πnX̂
j#
//
hn

πn(X̂,X)
hn∼=

0 = Hn(X;Z(p))
i∗
// Hn(X̂;Z(p))
  j∗ // Hn(X̂,X;Z(p))
we see that [f ] ∈ πnX̂ factors through i : X →֒ X̂ up to homotopy if and only if
hn([f ]) = 0 in Hn(X̂;Z(p)) – or equivalently, if f∗ : Hn(S
n;Z(p)) → Hn(X̂;Z(p))
is trivial. If not, we may ask whether f∗ : Hn(S
n;Fp)→ Hn(X̂;Fp) is nontrivial. If
so, then ϕ is atomic by Definition 3.1(d), and we are done.
It remains to deal with the case when Hn(f ;Z(p)) 6= 0, but Hn(f ;Fp) = 0. This
happens only if f∗(ǫn) = hn([f ]) 6= 0 is divisible by p in Hn(X̂;Z(p)). Since j∗
in (3.3) is monic, this also means j#[f ] is divisible by p in πn(X̂,X), which is
isomorphic to πn(X̂/X), by the Blakers-Massey Theorem (cf. [Wh, VII, Theorem
7.12]), under the quotient map qn : X̂→ X̂/X.
Since the source of f is n-dimensional, by cellular approximation we may as well
assume that X̂ is an n-dimensional CW complex, with (n − 1))-skeleton X̂(n−1),
and attaching map σ :W :=
∨m
i=1 S
n−1
(i) → X̂
(n−1). Thus X̂ is the homotopy cofiber
of σ, and q : X̂ → ΣW the next map in the cofiber sequence. By assumption
q ◦ f : Sn → ΣW =
∨m
i=1 S
n
(i) is non-trivial, so by precomposing σ with a suitable
homotopy automorphism of W (corresponding to a change of basis in SLm(Z)), we
may assume that q ◦ f factors through the inclusion i(1) : S
n
(1) →֒ ΣW. Thus we
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have a homotopy cofibration sequence
(3.4) Sn−1(1)
σ(1)
−−→ X̂(n−1)
s(1)
−−→ Y
q(1)
−−→ Sn
where σ(1) := σ ◦ i(1). Thus if W
′ :=
∨m
i=2 S
n−1
(i)
i′
−→ W is the inclusion of the
remaining wedge summands and σ′ : W′ → Y is q(1) ◦ σ ◦ u
′, we have a second
homotopy cofibration sequence
(3.5) W′
σ′
−→ Y
s′
−→ X̂
q′
−→ ΣW′
(simply attaching the n-cells of X̂ in two steps). Moreover, since q′ ◦ f is nullho-
motopic, by our rearrangement ofW, the maps f factors as above through Sn → Y,
again by the Blakers-Massey Theorem.
Thus without loss of generality we may assume that X̂ is an n-dimensional finite
CW complex with a single n-cell, and we can take (3.4) to be:
(3.6) Sn−1
σ
−→ X̂(n−1)
s
−→ X̂
q
−→ Sn
Σσ
−→ ΣX̂(n−1) ,
with
(3.7) s ◦ f = prιn : S
n → Sn
for some r ≥ 1 (by our assumption on the Hurewicz image and the fact that all
spaces are localized at p).
Now in dimension n− 1 we have a the homotopy cofibration sequence:
(3.8) V
τ
−→ X̂(n−2)
u
−→ X̂(n−1)
v
−→ ΣV .
where V :=
∨ℓ
j=1 S
n−2
(j) .
Mapping f : Sn → X̂ into (3.6) and combining it with the end of (3.8) yields
a commutative diagram:
(3.9)
Sn
f

prιn
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
X̂
q
//
0
**
Sn
Σσ
//
Σ(v◦σ) ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ ΣX̂(n−1)
Σv

ΣV =
∨ℓ
j=1 S
n
in which Σ(v ◦ σ) ◦ prιn ∼ 0, since it factors through two successive terms in (3.6).
Because any non-zero element in πnΣV is a monomorphism, this implies that
Σ(v ◦ σ) ∼ 0, and thus v ◦ σ ∼ 0 since the 0-stem of V is stable.
Therefore, the attaching map σ factors through σ̂ into the (n− 2)-skeleton:
(3.10)
Sn−1
σ

0
''P
PP
PP
PP
PP
PP
PP
P
σ̂
vv♠
♠
♠
♠
♠
♠
♠
X̂(n−2)
u
// X̂(n−1)
v
// ΣV,
by the Blakers-Massey Theorem again.
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If we write X̂(n−1) as the homotopy cofiber of ρ : U :==
∨c
t S
n−2
(t) → X̂
(n−2),
we have a commuting diagram with vertical and horizontal homotopy cofibration
sequences:
(3.11)
Sn−1
=
//
σ̂ 
Sn−1
σ
// ∗

X̂(n−2)
u
//

X̂(n−1)
s

// ΣU
≃

X̂′ // X̂
w
// ΣU,
Since πnΣU ∼=
⊕c
i=1 πnS
n−1
(i) , by precomposing ρ with an appropriate homotopy
automorphism of U we may arrange as before so that the composite Sn
f
−→ X̂
w
−→
ΣU factors through a single wedge summand, allowing us to assume without loss of
generality that U = Sn−2. Combining ρ with (3.6) yields a homotopy cofibration
sequence
(3.12) Sn−2 ∨ Sn−1
ρ⊥σ
−−→ X̂(n−2)
t
−→ X̂
a
−→ Sn−1 ∨ Sn
with a◦ f = b+ prιn : S
n → Sn−1∨Sn. Since n ≥ 4, the class [b] ∈ πnS
n−1 must
be zero if p is odd, and either 0 or ηn (the Hopf class) if p = 2.
Now choose a spherical filtration
(3.13) Y0 →֒ Y1 →֒ · · · →֒ Yℓ = X̂
(n−2)
of the (n−2)-dimensional complex X̂(n−2) of length ℓ := ⌊2(n−r−1)
3
⌋, as in (2.25).
By Remark 2.26, the last filtration quotient is Cℓ := Yℓ/Yℓ−1 ≃ S
n−2, while the
lowest dimensional sphere summand in Cℓ−1 := Yℓ−1/Yℓ−2 is S
n−3 if ℓ is odd,
and Sn−2p if ℓ is even. We must now consider two cases:
(a) When [b] = 0, let Z denote the cofiber of σ : Sn−1 → X̂(n−2), so that X̂
is the homotopy cofiber of the composite ρ̂ of Sn−2
ρ
−→ X̂(n−2) →֒ Z. Thus
f : Sn → X̂ factors through h : Sn → Z as above. In this case we may
continue (3.13) by setting Yℓ+1 := Z, so Cℓ+1 = ΣS
n−1 = Sn, and this is
still a spherical fibration, even with Σ−1Cℓ+2 = S
n, too.
(b) When p = 2 and [b] 6= 0, we may continue the filtration by setting
Yℓ+1 := X̂, so Cℓ+1 = X̂/X̂
(n−2) ≃ Sn−1 ∨ Sn. This is still spherical when ℓ
is even, with Σ−1Cℓ+2 = S
n,
However, it is no longer spherical when ℓ is odd, since then Cℓ+1, ΣCℓ,
and Σ2Cℓ−1 are all (n− 2)-connected.
In this case the composite
Sn−2 ∨ Sn−1
ρ⊥σ
−−→ X̂(n−2)
rℓ−1
−−→ Cℓ ≃ S
n−2 γℓ−→ ΣCℓ−1 = S
n−2
vanishes (by (2.10)), and the last map is the degree 2 map by §2.26(b). Since
this is monic on πn−2S
n−2, the composite rℓ−1◦ρ : S
n−2 → Cℓ must already
vanish.
Applying the Blakers-Massey Theorem once more, we deduce that the at-
taching map ρ : Sn−2 → X̂(n−2) factors through λ : Sn−2 → Yℓ−1, since
Yℓ−1 →֒ X̂
(n−2) → Cℓ is a suitably connected homotopy cofibration sequence.
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Therefore, if we write Cλ for the homotopy cofiber of this map λ, and let
P be the (homotopy) pushout of Cλ ← Yℓ−1 → X̂
(n−2), we have a spherical
filtration on X̂ defined by:
(3.14) Xi :=


Yi if i < ℓ
P if i = ℓ
X̂ if i = ℓ+ 1 ,
Thus we see that in all cases we can express f as a value of a spherical Toda bracket.

4. Atomic maps between spheres
In this section we identify all the atomic elements in the homotopy groups of
spheres, as in Definition 3.1, it suffices to identify all classes [f ] ∈ πnX whose image
under the Hurewicz homomorphism πnX → Hn(X;Fp) is non-trivial. Our main
result is the following:
4.1. Theorem. The cofiber of any non-trivial atomic map ϕ : Sn → Sk supports a
non-trivial mod p cohomology operation for some prime p.
Proof. The cofiber of the Whitehead product map is the product of two spheres,
which supports a non-trivial cup product; so it remains to deal with case 3.1(d). We
localize all spaces at the prime p, and consider the lift f : Sn → X of ϕ, where X
is the (r− 1)-connected cover of the k-sphere for r := k+2p− 3 (that is, the fiber
of the fundamental class εk : S
k → K(Z(p), k)). Our hypothesis is that the image of
[f ] ∈ πnX under the Hurewicz homomorphism πnX→ Hn(X;Fp) is non-trivial.
There is thus a class λ ∈ Hn(X;Fp) with f
∗(λ) 6= 0. Such a λ is necessarily
indecomposable in the unstable cohomology algebra H∗(X;Fp) (that is, it does
not decompose in terms of any unstable cohomology operations, including the cup
product).
We first observe that it suffices to show that any such indecomposable class λ is
transgressive in the Fp-cohomology Serre spectral sequence of the fibration sequence
X →֒ Sk → K(Z(p), k).
If we write g : X → Sk for the covering map, then ϕ := g ◦ f fits into a
commuting diagram with horizontal homotopy cofibration sequences,as follows:
(4.2)
Sn
f

ϕ
// Sk
=

j
// Cof(ϕ)
u

δ
// Sn
Σf

X
g
// Sk
s
//
t
$$■
■■
■■
■■
■■
■ Cof(g)
δ¯
//
ρ
xxrr
rr
rr
rr
rr
ΣX
K(Z(p), k)
where the map ρ exists by the universal properties of Cof(g) and the fibration
sequence X
g
−→ Sk
t
−→ K(Z(p), k).
Since by assumption f ∗λ = ǫn (the fundamental class in H
n(Sn;Fp)), under
suspension we have λ¯ ∈ Hn+1(ΣX;Fp) with (Σf)
∗λ¯ = ǫn+1 ∈ H
n+1(Sn+1;Fp).
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If λ is transgressive, there is a class c ∈ Hn+1(K(Z(p), k);Fp) with ρ
∗c = δ¯∗λ¯.
But c is necessarily of the form θ(ιk) for ιk ∈ H
k(K(Z(p), k);Fp) the fundamental
class, and a diagram chase in:
(4.3)
HkSk ∋ ǫk a ∈ H
kCof(ϕ)
j∗
oo
θ
%%
❧
❢ ❴ ❨ ❘
❑
Hn+1Cof(ϕ) ∋ b ǫn+1 ∈ H
n+1Sn+1
δ∗
oo
HkSk ∋ ǫk
=
OO
Hn+1Cof(g) ∋ δ¯∗(λ¯)
u∗
OO
λ¯ ∈ Hn+1ΣX
δ¯∗
oo
(Σf)∗
OO
ιk ∈ H
kK(Z(p), k)
t∗
hh◗◗◗◗◗◗◗◗◗◗◗
θ
99
❘
❨ ❴ ❢
❧
c ∈ Hn+1K(Z(p), k)
ρ∗
OO
shows that b = θ(a), where a ∈ Hk(Cof(ϕ);Fp) has j
∗a = ǫk, and b ∈
Hn+1(Cof(ϕ);Fp) has δ
∗ǫn+1 = b, This θ is the non-trivial cohomology operation
required by our Theorem. We have thus reduced the proof of the Theorem to showing
that any indecomposable class λ is transgressive in the Serre spectral sequence for
X→ Sk → K(Z(p), k).
We compute H∗(X;Fp), using the associated fibration sequence K(Z(p), k − 1)
u
−→
X→ Sk. Since the base is a sphere, the Serre spectral sequence reduces to the Wang
long exact sequence of [Wan]:
(4.4)
· · ·Hn(K(Z(p), k − 1);Fp)
dk
// Hn−k+1(K(Z(p), k − 1);Fp)
ρ
// Hn+1(X;Fp)
u∗
qq❝❝❝❝❝❝
❝❝❝❝❝❝
❝❝❝❝❝❝❝
❝❝❝❝❝❝
❝❝❝❝❝❝❝
❝❝❝❝❝❝
❝
Hn+1(K(Z(p), k − 1);Fp) // · · ·
We write E0(p) for the image of H∗(X;Fp) in H
∗(K(Z(p), k − 1);Fp) – that
is, E0(p) := u∗H∗(X;Fp).
From here on we distinguish between two cases:
Case I: The prime 2.
For p = 2, we have:
(4.5) H∗(K(Z(2), k);F2) ∼= F2[Sq
I(ιk) | I admissible, is 6= 1, ex(I) < k].
(see [Ko, Proposition 3.5.8]). Here the multi-index I is of the form (i0, . . . , is) with
SqI := Sqi0 . . .Sqis, and ex(I) is the excess.
The exact sequence (4.4) is determined by the fact that dk is an (anti-)
derivation, which sends ιk−1 to 1 and Sq
I(ιk−1) to 0 for I 6= 0. It follows that
(4.6) E0(2) = F2[ι
2
k−1, Sq
I(ιk−1) | 0 6= I admissible, is 6= 1, ex(I) < k − 1] .
We choose generators in H∗(X;F2) corresponding to the polynomial algebra gener-
ators ι2k−1 and Sq
I ιk−1, and also use the same notation for them. Thus H
∗(X;F2)
is generated as an E0(2)-module by 1 and γ2k−1 (= ρ(ιk−1)), which lies in
H2k−1(X;F2) under the exact sequence (4.4)). Therefore, the indecomposable
classes in H∗(X;F2) consist of γ2k−1 and Sq
j(ιk−1) for j ≤ k − 1.
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We now verify that all these classes are transgressive in the F2-cohomology Serre
spectral sequence for X→ Sk → K(Z(2), k), using the following map u of fibration
sequences:
(4.7)
K(Z(2), k − 1)

u
// X

PK(Z(2), k)

// Sk
ǫk

K(Z(2), k)
=
// K(Z(2), k)
F1
u
// F2
where the left hand side is the path-loop fibration. This induces a map u∗ of the
corresponding Serre spectral sequences, with Er(u
∗) : Er(F
2)→ Er(F
1).
Observe that the first differential for F1 is dk, determined by dk(ιk−1) = ιk.
(See Figure 4).
The key step in the argument is the calculation of Kr := Ker(Er(u
∗)). For j ≤ k,
observe that Kr = γ2k−1 · Er(F
2). For j = k + 1, multiples of ιk are zero in
F1, so that Kk+1 = γ2k−1 · Ek+1(F
2) + ιk · Ek+1(F
2). Using our comparison map
u∗ : Er(F
2) → Er(F
1) and the fact that Sqj(ιk−1) transgresses to Sq
j(ιk) in
F1, we deduce that either the class Sqj(ιk−1) transgresses to Sq
j(ιk) in F
2, or
else some differential carries Sqj(ιk−1) to a class in Kr for some r. Now note that
for 2 ≤ j ≤ k − 1, k + 1 ≤ | Sqj(ιk−1)| ≤ 2k − 2, and that in these degrees Kr is
zero. This forces Sqj(ιk−1) to be transgressive.
The class γ2k−1 lies in Kr for all r. As the spectral sequence converges to
the cohomology of Sk, it must support a differential. Therefore a differential on it
must also lie in Kr, which leaves the only possibility as d2k(γ2k−1) = ι
2
k for degree
reasons.
Case II: odd primes.
For an odd prime p, we have:
(4.10) H∗(K(Z(p), k);Fp) ∼= F
gr
Fp
[PI(ιk) | admissible, ǫs+1(I) = 0, ex(I) < k − 1]
(see [Ko, Proposition 3.5.8]), where now I := (ǫ0, i0, · · · , ǫs, is, ǫs+1) for ǫi ∈ {0, 1},
and PI = βǫ0P i0 · · ·P isβǫs+1. Here F gr
Fp
denotes the free graded commutative
algebra – that is, exterior on the odd degree classes and polynomial on the even
degree classes.
We now distinguish between two cases, depending on the parity of k: when k is
odd, we find
(4.11) E0(p) = F gr
Fp
[ιpk−1, P
I(ιk−1) | I 6= 0 admissible, ǫs+1(I) = 0, ex(I) < k]
Note that dk(ι
p
k−1) = 0 in the exact sequence (4.4), while dk(ι
j
k−1) = jι
j−1
k−1 for
j ≤ p − 1. As in the p = 2 case, we write down the corresponding generators in
H∗(X;Fp) using the same notation. It follows that H
∗(X;Fp) is generated as an
22 SAMIK BASU, DAVID BLANC, AND DEBASIS SEN
0 1 · · · · k k + 1 k + 2 · · · 2k
H∗(K(Z, k);F2)
0
1
·
·
·
k − 1
k
k + 1
·
·
2k − 2
2k − 1
H
∗
(K
(Z
,k
−
1)
;F
2
)
1 ιk Sq2 ιk Sqk−1 ιk ι2k
ιk−1
Sq2 ιk−1
ι2k−1
ιk−1ιk
dk
dk+2
dk
d2k−1
Figure 4.8. Spectral sequence for the fibration sequence F1.
E0(p)-module by 1 and γ(k−1)p+1, which is the image of ι
p−1
k−1 in H
(p−1)(k−1)+k(X;Fp)
in the exact sequence (4.4). .
Therefore, the indecomposable classes in H∗(X;Fp) are γ(k−1)p+1, and P
j(ιk−1)
for j ≤ k−1
2
(noting that ιpk−1 = P
k−1
2 (ιk−1)). We verify that all these classes are
transgressive in the Fp-cohomology Serre spectral sequence for the fibration X →
Sk → K(Z, k).
This follows from a very similar argument to that for the case p = 2. Note,
however, that for reasons of degree, the classes P i(ιk−1) must be transgressive,
while the class γ(k−1)p+1 must transgress to the class βP
k−1
2 (ιk) (which is the
differential on ιp−1k−1 · ιk in the spectral sequence F
1 by the Kudo transgression
theorem (see [Ko, Theorem 3.5.3]).
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0 1 · · · · k k + 1 k + 2 · · · 2k
H∗(K(Z, k);F2)
0
1
·
·
·
k − 1
k
k + 1
·
·
2k − 2
2k − 1
H
∗
(X
;F
2
)
1 ιk Sq2 ιk Sqk−1 ιk ι2k
Sq2 ιk−1
ι2k−1
γ2k−1
dk+2
d2k
d2k−1
Figure 4.9. Spectral sequence for the fibration sequence F2
For k even, we have
(4.12) E0(p) = F gr
Fp
[PI(ιk−1) | I 6= 0 admissible, ǫs+1(I) = 0, ex(I) < k − 1] ,
as ι2k−1 = 0. It follows that H
∗(X;Fp) is generated as an E
0(p)-module by 1 and
γ2k−1, which is the image of ιk−1 in H
2k−1(X;Fp) in the exact sequence (4.4).
Therefore, the indecomposable classes in H∗(X;Fp) are γ2k−1, and P
j(ιk−1) for
j < k−1
2
. As above by calculating Kr we see that the only class that dr(γ2k−1)
can be is ι2k, so it is transgressive.
Finally for the classes Pj(ιk−1), observe that if these classes are not transgressive,
the differential on these classes must lie in Kr for some r (as they are transgressive
in the spectral sequence for F1). Observe that Kr = {γ2k−1Er(F
2) for r ≤ k,
while Kk+1 = γ2k−1 · Ek+1(F
2) + ιk · Ek+1(F
2).
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If dr(P
j(ιk−1) 6= 0 for some r < 2k, we must have r > k and dr(P
j(ιk−1)) =
γ2k−1q. Note that q must be in the r-th column, and hence is of the form P
L(ιk)q
′
with ex(L) < k − 1, where q′ is in the 0-th-column, since r < 2k. Thus
dr(P
L(ιk−1)q
′γ2k−1) = γ2k−1q.
Observe that the classes Pj(ιk−1) in the cohomology of X are defined only up
to a multiple of γ2k−1, so we may change the representative in such a way that the
differential dr vanishes on it. Finally, note that K2k+1 is simply Fp{ιk}, so
from this page on the differentials are determined by those of the spectral sequence
for F1. The result follows. 
4.13. Corollary. All homotopy classes of maps between wedges of spheres are gen-
erated under group operations, Whitehead products, compositions and spherical Toda
brackets by the fundamental class ιk ∈ πkS
k, the Hopf maps ηk ∈ πk+1S
k, νk ∈
πk+3S
k, and σk ∈ πk+7S
k, and the maps α1(p) ∈ πk+2p−3S
k, for odd primes p.
Proof. This follows from the stable analysis in [A] and [Liu]. 
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